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Abstract 

00 . 

In this paper we give a method to obtain Darboux transformations (DTs) of integrable 
' equations. As an example we give a DT of the dispersive water wave equation. Using 

, the Miura map, we also obtain the DT of the Jaulent-Miodek equation. 
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1 Introduction 



For integrable equations which can be solved by the Inverse Scattering Transform, there 
exist Backhand transformations (BTs) [1]. These transformations were first discovered 
for the Sine-Gordon equation at the end of the 19th century. Usually they are treated 
as nonlinear superpositions, which allow one to create new solutions of a nonlinear evo- 
lution equation from a finite number of known solutions. In practice, BTs are not very 
straightforward to apply in the construction of multisolutions. On the other hand, the 
Darboux transformation (DT) is a very convenient way of constructing new solutions of 
nonlinear integrable equations [2]; the algorithm is purely algebraic and can be continued 
successively. Therefore, it is interesting to transform BTs into DTs. 
Many integrable equations of the form 

u t = K{u) (1.1) 

possess the recursion operator <3? with the property called hereditary symmetry [3, 4, 5, 
6], and they possess a Lax pair 

*° =^ (1.2) 
a t = K u a. 
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Here K u is the Frechet derivative of K with respect to u. Two interesting questions 
are raised: "How is the DT related to the Lax pair (1.2)?" and "What happens to the 
symmetry a under a BT?" 

In this paper, we will study the above problems. Section 2 gives the general method 
to obtain DTs of integrable equations by using symmetry. As an example, Section 3 gives 
the DT of the dispersive water equation. In Section 4, we obtain the DT of the Jaulent- 
Miodek equation by using the Miura map. These DTs are not easily obtained by other 
well-known methods. 



2 The Method 

Suppose that the equation (1.1) has a BT of the form 

B(u,u[l]) = 0. (2.1) 
Now, we suppose that 

u u [l][a 1 ] = 0, (2.2) 

which means that the symmetry a\ is transformed into under the BT, where o\ is the 
eigenfunction of (1.2) with A = \\. 

Then taking Frechet derivative of B = 0, we have 

£«H = B u [a{\+B u[1] [u u [l]a{\ = 0. (2.3) 

Fuchssteiner and Aiyer have showed that the KdV equation, the Burgers equation, and 
the CDGSK equation admit this relation [7, 8, 9]. 

This formula gives the transformation relation between u, o\ and u[l]: 

u[l]=F(u,a 1 ). (2.4) 



At this point we can directly check whether (2^) is a BT. If so, we can conclude that ( |2.3| ) 
is true, and we also have the transformation for eigenfunctions 

a[l] = u u [l][a] = F u [a] + F ai [a lu a]. (2.5) 

Relations Q and ([D]) is called the DT of (1.1). 

Remark 2.1. Here we give a method to calculate ci u [-]. Because <3?o"i = Xa±, we have 

ami] =-(#-Ai)- 1 # u [-] ( 7i. 
We can apply the factorization method to calculate (<£ — Ai) . 
Remark 2.2. When (gl]) and (glj|) is the DT 

d>(u[l])a[l] = Aa[l], 

and Q2,5] ) is the symmetry of ut[l] = K(u[l\), the result [10] shows that ( |2.4| ) and (2.5) is 
a DT for the hierarchy ut = <& n K(u). 

Remark 2.3. Relation ( |2.4| ) reveals the connection among the BT, symmetry, and strong 
symmetry operator. We conjecture that (|2,4j ) may be right for all equations which possess 
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strong symmetry operators. For some (1 + l)-dimension equations (ut = K(u)), their 
usual Lax pair 

Lcf> = \<f>, <fit = A<j) 

can be transformated into 

*cr = /icr, a t = K u o 

by a transformation a = f((j)) ■ We can then obtain the DT with respect to the usual Lax 
pair. 



3 The DT of the Dispersive Water Wave Equation 

In this section we study the dispersive water wave equation (DWW) [11, 12] 

v t = K(v), (3.1) 

where 

v = (q,r) T , 

(\ 1 x T 

K{v) = l-(2qr - q x ) x , -{r x + r 2 + 2q) 3 

and T denotes the transpose of vectors. The DWW equation was studied systematically 
by Kupershmidt [11]. 

System (3A) has the following Lax representation [11]. 

L(j) = X(f>, (3.2) 
<J )t = ±(L 2 ) + <p, (3.3) 
in which 

Q 

L = D+(D-r)- 1 oq, D = — , D' 1 o D = D o D' 1 = 1 

ox 

and (•)+ is the projection to the purely differential part of the operator, (L 2 ) + = D 2 + 2q. 
Here we denote the operator A acting on the operator B by A o B, and the operator A 
action on a function / by Af. 

The system ( |3.1[ ) possesses a strong symmetry operator 

*/ \ f-D + r Iq + q^D- 1 \ 

$(v) = , . (3.4) 

V ; I 2 D + DoroD- 1 J V ' 

So ( |3.1| ) is the following integrable condition 

$cr = Act, (3.5) 

a t = K v a, (3.6) 
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where a = (<7i, 02) 1 \ 

It is difficult to get a DT of fl3.1|) with respect to (|3.2|), (|3.3|). In fact, we did not find 



any DT for ( |3.2| ), (3.c) until now. 
Let us turn to (3J5), 

Theorem 3.1. Let a t i = <T2 1 ) T denote the solution of (3.5), ( \3.6\ ) with A 
then have the DT 



?[1] = 9 
r[l] 

O"! [1] = (71 

<T 2 [1] = cr 2 



r + ( In 



D-V 2 , a 



£>~W 



£> _1 cr 2l i 

g + g 2 -P~V2,l 

f'Vi 1 + cr 2 .i 



Ai. We 
(3.7) 
(3.8) 
(3.9) 
(3.10) 



where 



B = D- 1 (a 1 D- 1 a 2 ,i + ^D^a^) 



satisfy (\3.5\ ), (3.6). Furthermore, this is the DT of the hierarchy vt = &(v) n K(v 

Proof, (i) From practice, we first suppose q[l] = q + (ln<pi) xx is a part of 
Substituting fa = e D- 2 (q[i]-q) i nto witn \ = \^ we f in d 

(ZT 1 ^!] - g)) 2 + q[l] + Air - (r + X^D' 1 ^] - q) = 0. 



From (p. 31) we find 



(2D-Vi,i + ^O^-^gfl] - g) + (r + Ai)ITVi,i + Ai^.i = 



On the other hand, ( |3.5|) gives 

2D-Vi,i + (72,i = (Ai - r)^- 1 ^,!. 

These two identities imply (3.7). 

Suppose (g[l],r[l]) satisfy (|3.1|), then 

2(?[1] - 9)* = (2?[l]r[l] - 2gr - (<?[!] - q) x ) x , 



D~ 1 a 2 ,i 



2g[l]r[l] - 2gr + 



(3.12) 
(3.13) 



Using (3.6), we have 



2?[l]r[l] - 2qr + 



1 



+ 



£>-Vi,i 
(£>~Wi) 2 



(2<7i i ir + 2gcr 2 ,i - <ri. 



(3.14) 



(cr^icc + 2r(7 2 ,i + 2(71,1) 
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We note that fl3J3|) yields 

0-2,1 + 2D- l oi i 



r = Ai 



1 



1 0-2,1 + [D Vl 



-1 



(3.15) 



(3.16) 



* P-V 2il )2 

Substituting the above two identities and ( |3.7D into ( |3.14 ), we obtain, after some calcula- 
tions, (|3~8[). 



We can easily prove that (gj) and (gj) satisfy (|3j) and (gj), so (|377[) , ( gg) is a BT 



of 



(ii) From (§I|) and ( gig ) 



= TFT— 



( 2D- l an 

V " 2 



°X1 



-D + 



0-2,1 + 2Z)~ 1 fTlJ 



Now, we solve the equation 
v*D 



(12 



fl 
^2 



that is, 



D-Vi i 
aix + 2-— : — -ai 



2ai - a,2x + 



D~ l a 2 A KD- 1 ^ 



°Xl 



+ 2 



a 2 = o-iD 1 ct 2 ,i, 



o- 2 ,i + 2P- 1 o-i ; 

£>-^2,l 



a2 = 0"2-D 1 0'2,l. 



O + (P8D ^__1 <71 ' 1 , we find 
K L> i o- 2 ,i 



ai - 027^1 

-D i o- 2 i 



B 



with 



B = D- 1 ((D- 1 a 2 ,i)(T 1 + o-a^-Vi,!) 



Hence 



a 1 = B- {p- x o Xt x) [ 2D 



1-1 



I? 



D-Vi 



«2 



-2D" 1 o-2,i J D 



-1 



5 



D- 1 0- 2j D" 1 0- 2 ,1. 



(3.17) 
(3.18) 
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Now we can calculate a[l] from (|3.7|) , (|3.8| ): 
<j[l] = v v [l]a 

( -1 D-W 



a + D 



a + D 



a-D 



\ 



1 



(£>-V 2l i) 2 

D 1 



D-\v ai )- l a 



\D 1 <Tl > l+(T 2i i D 1 (Tl,l+(T2 > l D 1 CT 2 l / 

l £>-Vii 



1 



(^ _1 cr2,l) 2 
D 1 



«2 



\Z> 1 <Ti i + Cr 2 i D i+CToi -D 1 CT 2 .l / 



\c 2 ,l +.D 1 cr 1) i / 
This completes the proof. 

Remark 3.1. Let w = a x , then (|3.5| ), ( |3,6| ) can be written in a more simple form: 

-Wxx + rwi x + 2gw 2x + q x w 2 = Xw lx , 
2w lx + (w 2x + rw 2 ), = Xw 2x , 
2w lt = 2rw lx + 2w 2x q - w lxx , 
2w 2t = 2w 2xx + 2rw 2x + 2u7ia.. 

The DT given in Theorem 3.1 becomes 



ff[l] 



w 2 i 



r[l] = r + (in 



wi. i + w 2 ,\x 
w 2 ,i 
B 



w[l] = w 



W 2> 1 

B + w 2 ,ix(l)w 2 ,i 

\ Wl,l + W 2 ,lx / 



with 



B = D 1 (w 2)1 w lx + w 2x wi t i). 



4 The DT of the Jaulent-Miodek equation 

The Jaulent-Miodek equation takes the form [13, 14] 
u t = H(u) = $>(u)u x , 



(4.1) 
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where 



"o 
ui 



1 



-ui o D + -D o m ) o D 1 



and ^ is a strong symmetry operator. So (|4,l| ) possesses the Lax pair 
■ipt = H u if}. 

Usually ( |4.1| ) is derived from the following spectral problem [12, 13, 14]: 

L(j> = (j) xx + (uq + \ui)4> = \ 2 4>, 
where the time evolution of the wave function d> has the form 



. 1 1 

■ t = = \ - p o D - -p x 



X 1 

with p = 2 + Xui. Then 
Lt - [P, L] = Px L 



(4.2) 
(4.3) 

(4.4) 
(4.5) 



gives rise to (4.1). The BT of (4.1) was given by Tu [13]. It is not easy to apply this BT 
to construct new solutions. 
An invertible Miura map [12] 



l , \2 1 
q = UQ + -[ui) --Ui x , 



r = u\ 



(4.6) 
(4.7) 



brings (fy[) into the DW W (Q ). 

The Miura map (|4.6| ), (|4.7| ) gives the relation of the eigenfunctions between (4.2), (4.3) 
and (O), (|3T~ 



Therefore, 



(: 


D 


~2 




I 


2 


r 

<To 

2 








2 



(7 



(4.8) 



(4.9) 



till = ui + In — i '-) =u 1 +E, 

D i o- 2 i 



(4.10) 
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where 



E = In Ai 



Ui 



2,1 



2 2£>-V2,l 



«o[l] " = (q[l] ~q) + \{r[l] - r) x - -(r[l] - r)(r[l] + r) 



-ni + — ^ — ) +-E x --E(E + 2 Ul ), 
2 2L>- 1 V>2,i/ a; 2 4 1 lh 



B = D- l {a 1 D~ 1 a 2)1 + <t 2 D~ 1 <ti,i) 

= p-V 2 , 1 )((A 1 -f)^-V : ^ 2 

- I?" 1 (V 2>1 (Ai - ^) D- 1 ,!* - ^ (Ai - ^) D- 1 ^) 
^ 2 [1] = ^ 2 -F, 



^i[l] = 



with 



F = D 



D-^2,i) x 2 



(Ai - \u x ) D- 1 ^,! + 5^2,i 



(4.11) 



(4.12) 
(4.13) 



Theorem 4.1. Suppose (u,tfj^) satisfies (J^i), ( U-$) with A = Ai, then the transformation 
defined by tflQ), gJl\), gM), (gh) is a DT of gl), g3). 



5 Conclusion 

In this paper, we have presented a method to obtain DTs of integrable equations. This 
method can be apply to the DWW equation, the KdV equation, a shallow water equation 
[15] and other integrable equations. We think the relation ( [2.3; ) is very important because 
it reveals the relation between BT, symmetry, and strong symmetry of the corresponding 
equation. We hope that there will be further study in this direction. 
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